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06 Power Mean Curvature Flow in Lorentzian
Manifolds
Guanghan Li1 and Isabel M.C. Salavessa2
Abstract: We study the motion of an n-dimensional closed spacelike hypersur-
face in a Lorentzian manifold in the direction of its past directed normal vector,
where the speed equals a positive power p of the mean curvature. We prove that
for any p ∈ (0, 1], the flow exists for all time when the Ricci tensor of the ambient
space is bounded from below on the set of timelike unit vectors. Moreover, if we
assume that all evolving hypersurfaces stay in a precompact region, then the flow
converges to a stationary maximum spacelike hypersurface.
Key Words: curvature flow - space-like hypersurface - evolution equation.
1 Introduction
Curvature flow has been studied extensively for more than twenty years.
Mean curvature flow was first studied in a well-known paper of Huisken
[8]. In [1], Andrews studied the motion of a closed convex hypersurface in
R
n+1
with the normal velocity proportional to a positive power of Gaussian
curvature. While in [10], Schulze considered the power mean curvature
flow of convex hypersurfaces also in the Euclidean space. In the case of
Lorentzian geometry, Ecker, Huisken [2], and Gerhardt [3, 4, 5, 6] studied
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several kinds of curvature flow of spacelike hypersurfaces in order to find
hypersurfaces with prescribed curvatures.
In this paper, we shall consider the motion of a closed spacelike hy-
persurface in a Lorentzian manifold, in the direction of its past directed
normal vector field, such that the evolution velocity is a positive power
of the mean curvature. Precisely, let N be a globally hyperbolic (n + 1)-
dimensional Lorentzian manifold with a compact Cauchy hypersurface S0,
andM an n-dimensional smooth manifold. We shall investigate the follow-
ing problem. Let M0 ⊂ N be a spacelike hypersurface the mean curvature
of which is strictly positive, we then consider the power mean curvature
flow
x˙ = sign(p)Hp ν, (1.1)
with initial data x(0) = x0, where sign(p) is the sign function of p, and
x0 an embedding of initial hypersurface M0 = x(0)(M). Here H is the
mean curvature of the flow hypersurfaces M(t) = xt(M), with respect to
the past directed normal ν and p a non-zero real number. The evolution
equation (1.1) is a parabolic problem, the solution exists for a short time.
If we assume that M0 is a graph over S0, then we can also write M(t) as a
graph over S0, i.e.
M(t) = graphu(t, x),
where x ∈ S0 is an abbreviation of the space-like components.
For p = 1, Ecker, Huisken [2] and Gerhardt [3] studied the evolution
problem x˙ = (H−f)ν, in order to find a spacelike hypersurface with a given
mean curvature function f provided so-called upper and lower barriers for
(H, f) are satisfied. If N satisfies a mean curvature barrier condition and
strong volume decay condition, Gerhardt [6] proved that the inverse mean
curvature flow (the case p = −1 in (1.1)) exists for all time and provides
a foliation of the future of the initial hypersurface M0. Furthermore, if N
is a asymptotically Robertson-Walker space, Gerhardt [7] showed that the
leaves of an inverse mean curvature flow converge to an umbilical hyper-
surface and provide transition from big Crunch to big Bang.
If the Ricci tensor ofN is bounded from below on the set of timelike unit
vector, we shall prove that the power mean curvature flow (1.1), with p ∈
(0, 1] exists for all time, and converges to a stationary maximum spacelike
hypersurface when all evolving hypersurfaces stay in a precompact region,
i. e. we have the following theorem.
Theorem 1.1. Let N be a cosmological spacetime with compact Cauchy
hypersurface S0 and M0 a closed spacelike hypersurface with positive mean
curvature in N . If the Ricci tensor of N is bounded from below on the set
of timelike unit vectors
Rαβν
ανβ ≥ −Λ, ∀ < ν, ν >= −1, (1.2)
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for a positive constant Λ, then the power mean curvature flow equation (1.1)
with initial hypersurface M0 exists for all time, when p ∈ (0, 1]. Moreover if
we further assume that the limit limt→∞ infx∈S0 u(t, x) is bounded from be-
low, then the solutions to (1.1) converge to a stationary maximum spacelike
hypersurface as t→∞.
Remark 1.1. (i) That the limit limt→∞ infx∈S0 u(t, x) is bounded from be-
low is equivalent to say that all evolving hypersurfaces stay in a precompact
region of N . Moreover in this case, the flow converges to stationary max-
imum spacelike hypersurface without the assumption on the Ricci tensor
bound (1.2) (see Lemma 4.1). (ii) If we suppose that the upper and lower
barriers for the mean curvature hold like that in [3], the results in Theorem
1.1 still hold.
For the notations and definitions we refer to section 2 for more detailed
description. In section 3 we look at the curvature flow associated with our
problem, and corresponding evolution equations for the basic geometric
quantities of the flow hypersurfaces. In section 4 lower bound estimates
for the evolution problem are proved, while a priori estimate for the norm
of the second fundamental form is derived in section 5. Finally in section
6, we demonstrate that the maximum existence time is infinity and the
evolution equation converges to stationary solution, which completes the
proof of Theorem 1.1.
2 Preliminaries
In this section we state some basic concepts and formulas which can be
found in [3] or [4]. Let N be a globally hyperbolic Lorentzian manifold
with a compact Cauchy surface S0. N is a topological product R × S0,
where S0 is a compact Riemannian manifold, and there exists a Gaussian
coordinate system {xα}, and such that the metric in N has the form
ds2N = e
2ψ
(
−dx02 + σij(x0, x)dxidxj
)
, (2.1)
where σij is a Riemannian metric, ψ a function onN , and x an abbreviation
for the space-like components (xi). We also assume that the coordinate
system is future oriented, i. e. the time coordinate x0 increases on future
directed curves.
Let M be a space-like hypersurface, i. e. the induced metric is Rie-
mannian, with a differentiable normal ν that is timelike. Let (ξi) be the
local coordinates on M . Geometric quantities on N will be denoted with a
bar, for example, by (gαβ), (Rαβγδ), etc., and those in M without the bar,
as (gij), (Rijkl), etc. Greek indices range from 0 to n and Latin from 1 to
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n. For a function u in N , (uα) and (uαβ) denotes respectively the gradient
and the Hessian of u. We use the summation index convention on repeated
indices. We assume the above time-like normal ν is past directed. Then
the Gaussian formula of M is given by
xαij = hijν
α. (2.2)
We represent covariant derivative of a tensor as a full tensor. For instance
xαij = x
α
,ij − Γkijxαk + Γ
α
βγx
β
i x
γ
j , (2.3)
where the comma indicates ordinary partial derivatives, and {Γkij}, {Γ
α
βγ}
the Christoffel symbols of M and N , respectively. The quantities Rαβγδ;ε
denotes the covariant derivative of the curvature tensor, where i = ∂
∂ξi
=
xεi ε = x
ε
i
∂
∂xε
. The definition of the second fundamental form (hij) is taken
with respect to ν. The Weingarten equation is given by
ναi = h
k
i x
α
k , (2.4)
where ναi = ν
α
,i + ν
γΓ
α
iγ . Recall the Codazzi and the Gaussian equations,
hij,k − hik,j = Rαβγδναxβi xγj xδk (2.5)
Rijkl = − (hikhjl − hilhjk) +Rαβγδxαi xβj xγkxδl . (2.6)
Let M = graphu|S0 be a space-like hypersurface
M = {(x0, x)|x0 = u(x), x ∈ S0},
The induced metric on M has the form
gij = e
2ψ (−uiuj + σij) ,
where σij are fuctions of (u, x), and ui =
∂u
∂xi
. The inverse matrices (gij) =
(gij)
−1 and (σij) = (σij)
−1 are related by
gij = e−2ψ
(
ui
v
uj
v
+ σij
)
,
where
ui = σijuj, v
2 = 1− σijuiuj ≡ 1− |Du|2.
Hence, graphu is space-like if and only if |Du| < 1. The contravariant past
directed normal vector and its covariant form are respectively given by
(να) = −v−1e−ψ(1, ui) = −v−1e−ψ(1, u1, · · · , un) (2.7)
(να) = v
−1eψ(1,−ui) = v−1eψ(1,−u1, · · · ,−un).
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From (2.3) and (2.7) one obtains
e−ψv−1hij = −uij − Γ000uiuj − Γ
0
0jui − Γ
0
0iuj − Γ
0
ij . (2.8)
Set (hij) be the second fundamental form of the hypersurface {x0 = const.}.
Then
−Γ0ij = e−ψhij , (2.9)
and by computing the Christoffel symbol of N one derives
hije
−ψ = −1
2
σ˙ij − ψ˙σij , (2.10)
where the dot indicates differentiation with respect to x0.
In [3, 4, 5] it is defined a Riemannian metric (g˜αβ) by
g˜αβdx
αdxβ = e2ψ
(
dx0
2
+ σijdx
idxj
)
and corresponding norm of a vector field η by
|||η||| = (g˜αβηαηβ) 12
with similar notations for higher tensors.
3 Evolution Equations
From now on, we always assume p > 0, and so sign(p) = 1. In order to
study the evolution problem (1.1), it is convenient to consider the evolution
equation
x˙ = (Hp − τ)ν, (3.1)
where τ is a small positive number. The evolution problem (3.1) is a
parabolic problem, hence a solution exists on a maximum time interval
[0, T ∗), 0 < T ∗ ≤ ∞. In the following we show how the metric, the second
fundamental form and the normal vector of the hypersurfacesM(t) evolve.
All time derivatives are total derivatives. Here is just the special case, we
refer to [4] for more general results, so we omit the proofs of the following
lemmas.
Lemma 3.1. The metric, volume element, the normal vector, and the
second fundamental form of M(t) satisfy the evolution equations
g˙ij = 2(H
p − τ)hij ,
ν˙ = ∇M (Hp) = gij(Hp)ixj
h˙
j
i = (H
p)ji − (Hp − τ)hki hjk − (Hp − τ)Rαβγδναxβi νγxδkgkj ,
h˙ij = (H
p)ij + (H
p − τ)hki hkj − (Hp − τ)Rαβγδναxβi νγxδj .
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Let ‖A‖2 = hijhij .
Lemma 3.2. The mean curvature H evolves according to the following
equations
d
dt
H = pHp−1∆H + p(p− 1)Hp−2||∇MH ||2
−(Hp − τ)(||A||2 +Rαβνανβ) (3.2)
d
dt
Hp = pHp−1∆Hp − pHp−1(||A||2 +Rαβνανβ)(Hp − τ). (3.3)
Lemma 3.3. The mixed tensor hji satisfies the parabolic equation
d
dt
h
j
i = pH
p−1∆hji − pHp−1(||A||2 +Rαβνανβ)hji
+(p− 1)Hphki hjk + τhki hjk + p(p− 1)Hp−2∇iH∇jH
+2pHp−1Rαβγδx
α
mx
β
i x
γ
kx
δ
rh
kmgrj + τRαβγδν
αx
β
i ν
γxδmg
mj
−pHp−1gklRαβγδxαmxβkxδl (xγrhmi grj + xγi hmj)
+(p− 1)HpRαβγδναxβi νγxδmgmj
+pHp−1gklRαβγδ;ε(ν
αx
β
kx
γ
l x
δ
ix
ε
mg
mj + ναxβi x
γ
kx
δ
mx
ε
l g
mj). (3.4)
We immediately deduce from (3.3)
Lemma 3.4. If Hp ≥ τ at t = 0, then for any t ∈ [0, T ∗), Hp(t) ≥ τ .
4 Lower Bound Estimate
The evolution problem (3.1) exists on a maximum time interval I = [0, T ∗).
We will prove that T ∗ = ∞. Because of the short time existence, and the
initial hypersurface M0 is a graph over S0, we can write
M(t) = graphu(t) = {(u(t, x(t)), x(t)) : x(t) ∈ S0}, ∀t ∈ I,
where u is defined in the cylinder QT∗ = I×S0. From (3.1) and using (2.7)
for α = 0 one sees that u satisfies a parabolic equation of the form
u˙ = −e−ψv−1(Hp − τ), (4.1)
where u˙ is a total derivative, i. e.
u˙ =
∂u
∂t
+ uix˙
i, (4.2)
and so
∂u
∂t
= −e−ψv(Hp − τ). (4.3)
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Consequently, from Lemma 3.4, ∂u
∂t
is non positive. Next we shall prove
that the flow stays in a precompact region in finite time.
Lemma 4.1. Let N be a cosmological spacetime with a compact Cauchy
hypersurface and satisfy condition (1.2). Then, for any finite T , 0 < T ≤
T ∗, the flow (3.1) stays in a precompact region ΩT for 0 ≤ t ≤ T .
Proof. First we claim that, we can choose a new time function x˜0 such
that the Lorentzian metric of N also has the form (2.1), and the conformal
factor satisfies ψ˜ ≥ 0. Suppose that
x˜0 = ζ(x0), x˜i = xi, i = 1, 2, · · · , n
where ζ is a C1 function with non-vanishing derivative. Then the metric
is given by in the new coordinates
ds2N = e
2ψ(ζ˙)−2
(
−(dx˜0)2 + (ζ˙)2σij(ζ−1(x˜0), x˜)dx˜idx˜j
)
,
where the dot indicates the differentiation with respect to x˜0. If we let
(ζ˙)−2 = exp(−2 inf
x∈S0
ψ(x0, x)),
and we then have ψ˜ = ψ − infx∈S0 ψ(x0, x)), which is non-negative. This
proves the claim, and therefore without loss of generality, we may assume
ψ ≥ 0 in the metric (2.1).
From (4.3) and Lemma 3.4 u is decreasing. Thus we only need to prove
that u has a lower bound. Set ϕ(t) = infS0 u(x, t). We may assume there
exists some t0 ∈ (0, T ) such that ϕ(t0) < 0, otherwise u were bounded, and
the lemma holds. The function ϕ is Lipschitz continuous and if xt is such
that the infimum is attained at xt, then
∂ϕ(t)
∂t
= ∂
∂t
u(t, xt) holds for a.e. t,
(cf. [6], Lemma 3.2). By (3.2) and (1.2), and using again Lemma 3.2 of [6],
we see that
d
dt
sup
S0
H ≤ Λ(sup
S0
Hp − τ) ≤ Λ sup
S0
Hp,
which implies that
supH1−p(t) ≤ supH1−p(0) + (1− p)Λt (4.4)
for p ∈ (0, 1), and
supH(t) ≤ supH(0)eΛt (4.5)
for p = 1. We therefore have
∂ϕ(t)
∂t
≥ −(sup
S0
H1−p(0) + (1 − p)Λt) p1−p − τ, for 0 < p < 1,
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and
∂ϕ(t)
∂t
≥ −C1eΛt for p = 1.
From these inequalities we immediately deduce for 0 < p < 1
ϕ(t) ≥ −τT − C2 − C1( sup
S0
H1−p(0) + (1− p)ΛT ) 11−p , ∀0 ≤ t ≤ T,
and for p = 1
ϕ(t) ≥ ϕ(t0)− C1eΛt, ∀0 ≤ t ≤ T,
proving the lemma.
5 C1 Estimates
We consider a smooth solution of the evolution equation (3.1) in a maxi-
mum time interval [0, T ∗). In order to prove that the hypersurfaces remain
uniformly space-like, we only have to prove that the term
v˜ = v−1 =
1√
1− |Du|2
is uniformly bounded in finite time, i.e. in QT = [0, T ] × S0 for any 0 <
T < T ∗. We shall apply the maximum principle to the evolution equation
of the quantity w = v˜ϕ, where ϕ is defined in (5.8) below. This was first
used by Gerhardt and the following proof is a slight modification in [3].
Let η be the covariant vector field (ηα) = e
ψ(−1, 0, · · · , 0).
Lemma 5.1. The quantity v˜ satisfies the the evolutive equation
˙˜v − pHp−1∆v˜ =
= −pHp−1||A||2v˜ − 2pHp−1hijxαi xβj ηαβ − pHp−1gijηαβγxβi xγj να
−pHp−1Rαβναxβkηγxγl gkl − (p− 1)Hpηαβνανβ − τηαβνανβ . (5.1)
Proof. Covariant differentiation of v˜ =< η, ν > gives
v˜i = ηαβx
β
i ν
α + ηαν
α
i ,
v˜ij = ηαβγx
β
i x
γ
j ν
α + ηαβx
β
ijν
α + ηαβx
β
i ν
α
j + ηαβx
β
j ν
α
i + ηαν
α
ij , (5.2)
and the time derivative of v˜ is given by
˙˜v = ηαβ x˙
βνα + ηαν˙
α = ηαβν
ανβ(Hp − τ) + ηα∇k(Hp)xαk
= ηαβν
ανβ(Hp − τ) + pHp−1∇kHxαk ηα. (5.3)
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Now by Weingarten formula (2.4) and using Codazzi equation (2.5) we have
ηαν
α
ijg
ij = ηαg
ijgkl(hil,jx
α
k + hilx
α
kj)
= ηαg
ijgkl
(
xαk [hij,l +Rεβγδν
εx
β
i x
γ
l x
δ
j ] + hilhkjν
α
)
= ηα∇kHxαk +Rεγνεηαxαkxγl gkl + ηανα||A||2. (5.4)
Substituting (5.2), (5.3) and (5.4) into (5.1), we get the lemma.
The following lemma is a result in [3]
Lemma 5.2. Consider the flow in a precompact region ΩT . Then there is
a constant c = c(ΩT ) > 0 such that for any positive function 0 < ǫ = ǫ(x)
on S0 and any hypersurface M(t) of the flow we have
|||ν||| ≤ cv˜,
gij ≤ cv˜2σij (as operators),
|hijηαβxαi xβj | ≤
ǫ
2
||A||2v˜ + c
2ǫ
v˜3.
Using the previous lemmas, and that |Hpηαβνανβ | ≤ cHpv˜2, |||ν||| ≤ cv˜,
and the use of the Young inequality and the relation H2 ≤ n||A||2 leads to:
Lemma 5.3. There is constant c = c(ΩT ) such that for any positive func-
tion 0 < ǫ = ǫ(x) on S0, the term v˜ satisfies a parabolic inequality of the
form
˙˜v − pHp−1∆v˜ ≤ −pHp−1(1 − ǫ)||A||2v˜ + pHp−1
(
1 +
1
ǫ
)
v˜3 + cv˜2, (5.5)
We stress that this constant c depends on ΩT and on all geometric quan-
tities of the ambient space restricted to Ω we have ben considering. Now
set ui = gijuj .
Lemma 5.4. Let M(t) = graph u(t) be the flow hypersurfaces, then we
have
u˙− pHp−1∆u = (p− 1)Hpe−ψ v˜ + τe−ψ v˜
+pHp−1(−e−ψgijhij + Γ000||Du||2 + 2Γ
0
0iu
i). (5.6)
This can be easily derived using (2.8). The following is a lemma in [3]
Lemma 5.5. Let M ⊂ Ω be a graph over S0, then
|v˜iui| ≤ cv˜3 + ||A||eψ ||Du||2.
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Finally we obtain a uniform bound of v˜, the proof of which is an adaptation
to our case of the proof of Proposition 3.7 of [3].
Theorem 5.1. Let Ω ∈ N be precompact. Then as long as the flow stays
in Ω, the term v˜ remains uniformly bounded
v˜ ≤ c = c(Ω,M0). (5.7)
Proof. Let µ, λ be positive constants, where µ is small and λ large, and
take
ϕ = eµe
λu
. (5.8)
We may assume that u ≥ 1, otherwise we replace in (5.8) u by u + c for
some c large enough. We also assume that v˜ ≥ 1. We will see that choosing
λ and µ conveniently, then w = v˜ϕ will be uniformly bounded. From
ϕ˙ = ϕµλeλuu˙,
∆ϕ = ϕ(µλeλu)2||Du||2 + µλ2ϕeλu||Du||2 + µλϕeλu∆u,
and Lemma 5.2 and 5.4 we conclude that
ϕ˙− pHp−1∆ϕ ≤ cµλeλu(pHp−1)v˜2ϕ− pHp−1µλ2eλu (1 + µeλu) ||Du||2ϕ,
where we use 0 < p ≤ 1. This inequality, Lemma 5.3 and 5.5 imply
w˙ − pHp−1∆w = ( ˙˜v − pHp−1∆v˜)ϕ+ v˜(ϕ˙− pHp−1∆ϕ) − 2pHp−1Dv˜Dϕ
≤ −pHp−1(1 − ǫ)||A||2v˜ϕ+ pHp−1c
(
1 +
1
ǫ
)
v˜3ϕ+ pHp−1cµλeλuv˜3ϕ
−pHp−1µλ2eλu (1 + µeλu) ||Du||2v˜ϕ− 2pHp−1µλeλuϕv˜iujgij .
Here and in the above computations, we have used that H is bounded
in finite time by Lemma 3.4, (4.4) and (4.5). Note that the last term is
≤ pHp−1µλeλuϕ (cv˜3 + ||A||eϕ||Du||2). From the above we lastly arrive at
w˙ − pHp−1∆w ≤ −pHp−1(1 − ǫ)||A||2v˜ϕ+ pHp−1c
(
1 +
1
ǫ
)
v˜3ϕ
+pHp−1cµλeλuv˜3ϕ− pHp−1µλ2eλu{1 + µeλu}||Du||2v˜ϕ
+2pHp−1µλeλu||A||eψ ||Du||2ϕ.
We estimate the last term on the right hand side by
2pHp−1µλeλu||A||eψ ||Du||2ϕ ≤
≤ pHp−1||A||2v˜ϕ(1 − ǫ) + pH
p−1
1− ǫ µ
2λ2e2λuv˜−1e2ψ||Du||4ϕ,
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and since e2ψ||Du||2 ≤ v˜2, we conclude
w˙ − pHp−1∆w ≤ pHp−1c
(
1 +
1
ǫ
)
v˜3ϕ+ pHp−1cµλeλuv˜3ϕ
+
(
1
1− ǫ − 1
)
pHp−1µ2λ2e2λuv˜||Du||2ϕ
−pHp−1µλ2eλu||Du||2v˜ϕ. (5.9)
By setting ǫ = e−λu, from (5.9) we derive
w˙ − pHp−1∆w ≤ pHp−1cµλeλuv˜3ϕ+ pHp−1ceλuv˜3ϕ
+pHp−1
(
µ
1− ǫ − 1
)
µλ2eλu|Du||2v˜ϕ. (5.10)
Choose µ = 12 and λ0 so large that
µ
1−ǫ ≤ 34 , ∀λ ≥ λ0. Since ||Du||2 =
(v˜2 − 1)e−2ψ ≥ v˜2e−2ψ ≥ cv˜2 we conclude that the last term on the right
hand side of (5.10) is less than
−1
8
λ2eλu||Du||2v˜ϕpHp−1 ≤ −cλ2eλuv˜3ϕpHp−1.
Now (5.10) reduces to the form
w˙ − pHp−1∆w ≤ cpHp−1(1 + λ− λ2)eλuv˜3ϕ.
Choosing λ large enough such that λ > λ0, and applying the parabolic
maximum principle to w gives
w ≤ c = c(|w(0)|S0 , λ0,Ω).
This completes the proof of Theorem 5.1.
6 Higher Order Estimates and Proof of The-
orem 1.1
In this section, we prove that as long as the flow stays in a precompact
set Ω ⊂ N , the norm of the second fundamental form of the evolutive
hypersurface is a prior bounded by a constant depending only on Ω and
the initial hypersurface M0.
Lemma 6.1. Let Ω ⊂ N be a precompact region and assume that the flow
(3.1) stays in Ω during the evolution. Then the principal curvatures of the
evolution hypersurfaces M(t) are uniformly bounded.
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Proof. We follow close [3] to prove that ϕ = sup{hijηiηj : ||η|| = 1} is
uniformly bounded. The principal curvatures are bounded from above, for
H is positive (see Lemma 3.4). Let 0 < T < T ∗, and x0 = x0(t0), with
0 < t0 ≤ T , be a point in M(t0) such that
sup
M0
ϕ < sup{sup
Mt
ϕ : 0 < t ≤ T } = ϕ(x0).
We choose a local normal coordinate system (ξi) at the point x0 ∈ M(t0)
such that at x0 = x(t0, ξ0) we have gij = δij , ϕ = h
n
n and hij is diagonalized.
Consider the contravariant vector field η˜ = (η˜i) = (0, 0, · · · , 0, 1), and
define on a neighbourhood of (t0, ξ0) the function
ϕ˜ =
hij η˜
iη˜j
gij η˜iη˜j
.
ϕ˜ assumes its maximum at (t0, ξ0), and at this point, ˙˜ϕ = h˙
n
n and the spatial
derivatives do coincide. So, at (t0, ξ0), ϕ˜ satisfies the same differential
equation (3.4) as hnn. From the estimates in preceding sections, we deduce
from Lemma 3.3 that
ϕ˙− pHp−1∆ϕ ≤ pHp−1 (c(1 + hnn) + (hnn)2 − ||A||2hnn) , (6.1)
where 0 < p ≤ 1 and again H is bounded in finite time. From (6.1) and
the maximum principle we deduce that ϕ is uniformly bounded.
Suppose that T ∗ < ∞, in the flow equation (4.3). Then from Lemma
4.1, we know that the flow stays in a compact region of N , i.e u stays uni-
formly bounded. Furthermore, in view of Theorem 5.1 the first derivative
Du stays also uniformly bounded. Finally Lemma 6.1 (with (2.8), (2.9)
and (2.10)) we obtain uniform C2-estimate for u. Since in finite time, H
is bounded from above by (4.4) and (4.5), and we also know that H has
a positive lower bound by Lemma 3.4, applying the standard regularity
results [9] (see also [11]) we obtain C2,α-estimates from the C2-estimates
of u, leading further to uniform Cm,α-estimates for any positive integer m.
But this contradicts to the maximality of T ∗. Therefore, T ∗ =∞, i.e., the
flow exists for all time.
Now we further assume that the limit limt→∞ infx∈S0 u(t, x) is bounded
from below. Then from the proof of Lemma 4.1 we know that the flow hy-
persurfaces M(t) stay in a precompact region of N for all t. Integrating
(4.3) with respect to t, and observing that the right hand side is non posi-
tive, yields
u(0, x)− u(t, x) =
∫ t
0
e−ψv(Hp − τ) ≥ c
∫ t
0
(Hp − τ),
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i. e. ∫
∞
0
(Hp − τ) <∞, ∀x ∈ S0.
Hence for any x ∈ S0, there is a sequence tk →∞ such that, Hp → τ . On
the other hand, u(·, x) is monotone decreasing and therefore
lim
t→∞
u(t, x) = u˜(x)
exists and has desired regularity. We therefore have proved the following
theorem
Theorem 6.1. Let N be a cosmological spacetime with compact Cauchy
hypersurface S0 and M0 a closed spacelike hypersurface in N such that
H ≥ p√τ . If the curvature condition (1.2) is satisfied, then the evolution
equation (3.1) with initial hypersurface M0 exists for all time, when p ∈
(0, 1]. Moreover if we further assume that the limit limt→∞ infx∈S0 u(t, x)
is bounded from below, then the solutions to (3.1) converge to a stationary
spacelike hypersurface with mean curvature p
√
τ , as t→∞.
The positive number τ is arbitrary, letting τ → 0 in the above theorem,
we obtain that the power mean curvature flow (1.1) exists for all time. If we
further assume the limit limt→∞ infx∈S0 u(t, x) is bounded from below, the
flow hypersurfcesM(t) of (1.1) converge to a stationary maximum spacelike
hypersurface. This completes the proof of Theorem 1.1.
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